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Simon Newcomb’s problem [5, 1915, Chap. 41 asks for the number of 
linear arrangements of k = kl + ..* + k, integers, the integer i repeated 
ki times, with precisely r falls; a falZ is an adjacent pair of integers with the 
first greater than the second. For this problem, we give a simple proof of 
the formula obtained by Dillon and Roselle [3]; this also produces a 
simple solution to another problem generalizing the Eulerian number 
14, P. 431. 
Denote by g(k, ,..., k, ; m) the number of distributions 
I e1e2 **- ei 1 ei+lei+2 -a* ej / *.- 1 **- ek 1 , (1) 
1 2 *** m 
of the k integers into m distinct cells with no cell empty: e, < e,,, if 
e 20 e,+I are in the same cell. To show that 
dk, ,a.., kn ; 
m) = mil (-l)i (y)(“’ + mk; i - ‘) 
i=O 
x k,+m-i-1 
( ) ( 
.., k,+m-i---l 
kz ) kn ’ 
(2) 
note that the number of distributions (1) when empty cells are allowed is 
( “l+c-l) **- ( “-z;-l). Then (2) follows by use of the sieve formula. 
A distribution adjacency is a pair e, , e,,, both in the same cell. The 
number of distributions, each containing precisely m such adjacencies, is 
g(k, ,..., k, ; k - m). 
To (1) corresponds (by removing the bars) the associated arrangement 
e1e2 --a eK 
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(3) 
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of the k integers. Consider a particular m-choice of the pairs ei, ej+l, 
i=l ,..., k - 1. Denote by S, the number of arrangements above, such 
that each is the associated arrangement of a distribution (I), whose 
distribution adjacencies are precisely these m chosen pairs. Then, summing 
over all such m-choices, 
c S, = g(k, ,..., k, ; k - m). (4) 
Denote by A,(k, ,..,, k,J the number of arrangements (3) satisfying 
precisely t of the events, “ei < e,,,“, i = l,..., k - 1. Using the general 
inclusion and exclusion formula, (4), (2), and a simple identity, we obtain 
A& ,..., k,z)=‘$;l(-l)‘(‘;i)g(kl,...,k.;k-r-i) 
=‘;~~(_l)l(kf~j(kl+k-~-i--l) 
1 
x k,+k 
( 
-t-j-1 
1 ( 
... k,+k-t-j-l 
k2 kn ) - (5) 
The number of arrangements with precisely r falls is then, 
&-l--r@1 ,..a, kn) 
=~(-1)1(k;‘)(“1+~-j)(k2+;-~)...(kn+kr-~), (6) 
2 12 
which is the formula obtained in [3]. Also, formula (6) gives 
A,,-& ,..., k,) as a so-called extended Eulerian number as defined in 
PI. 
The Eulerian Number. The case k, = k, = *.a = k, = 1 of (6) gives 
the familiar Eulerian number 
0, r> = j$o (-l>j (” ; ‘)(r + 1 - j)” 
and by symmetry, A@, r) = A(n, n - 1 - I). In this case, (2) gives the 
number m!S(n, m), with S(n, m) the well-known Stirling number of the 
second kind. Hence by (5), 
A(n, r) = n;;’ (-l>i (’ ; “)(n - r - i)! S(n, it - r - i). (7) 
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Also in this case, if we add the restriction to (1) that e, , e, are not in the 
same cell if 1 e, - e, 1 < w, the number of such distributions is easily 
shown [1] to be m !S(n - w  + 1, m - w  + I), w  > 0. Analogous to the 
derivation of (7), the number of permutations of 1,2,..., n containing 
precisely r w-rises, a w-rise being a pair e, , ei+l with e,, - e, > w, is 
(O<r<n-w,n>l,w>,l) 
= w! ny (-I)~ (” ; I)(” -; -+ _ r - w  + 1 -jp-w, 
j-0 
jn agreement with [4, p. 431 and [6, p. 2151. 
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